The evolution of a long pulse (pulse length much greater than the slippage distance) in a tapered wiggler free -electron laser is studied by numerical solution of the 1 -D theoretical model for a realistic set of magnet, electron beam, and optical resonator parameter values.
Introduction
In this work the evolution of a long optical pulse in a tapered wiggler free -electron laser (FEL) oscillator is studied by numerical solution of the 1 -D theoretical model for a realistic set of magnet, electron beam, and optical-resonator parameter values.
The theoretical model used here is one developed by Colson,1,2 although other equivalent models3 -5 have been developed.
The model is solved first for a series of single -pass gain curves. These curves, which show the amplification of cw coherent light at low and high intensity, are obtained by neglecting all finite pulse effects.
They are, nonetheless, reasonable first estimates for the rate of growth of the actual finite optical pulse because, for the physical parameters of the laser system considered here, the slippage distance is much shorter than the pulse length. However, the initial low intensity light in the resonator is not coherent --it is incoherent spontaneous emission.
We have studied the development of coherence of such an initially incoherent pulse and find that after 1, 100 to 150 passes through the resonator, the optical pulse has achieved a narrow spectrum, with reasonably smooth electric field amplitude and phase functions, and is growing at a rate predicted by the cw single pass small signal gain curve. Results of this calculation, which should be taken only as an approximate indication of the build -up of light from spontaneous emission, are presented.
The transient evolution of a coherent optical pulse, from low intensity small signal gain conditions to high intensity saturated gain conditions, is then calculated for several different optical resonator lengths and a quasi steady -state desynchronism curve is obtained.
A comparison of various optical pulse and electron characteristics at different points along the desynchronism curve is made. The frequency changing behavior ( "chirping ") of the optical pulse during its evolution is characterized by a discontinuous step noted when strong modulation of the electric field envelope is present with a period about equal to the slippage distance.
Finally, the effect of an ideal intracavity optical filter on the evolution of the light is presented.
Gain curves and the development of coherence
The laser system to be modeled is a linear accelerator driven FEL, with parameter values given in Table 1 , in which a pulse of electrons is magnetically guided into the optical resonator where it interacts with a pulse of light while transiting the wiggler magnet. The electron pulse is then dumped out of the resonator while the light pulse reflects from the mirrors and meets a new electron pulse from the linac when it re-enters the wiggler. The axial variation of the wavelength and magnetic field strength of the wiggler are shown in Figure 1 .
The 1 -D mathematical model used to analyze this FEL system is specified in Table 2 . Note that we are dealing with a plane polarized wiggler, which accounts for the coupling constant G, but we neglect all higher harmonics of the emitted radiation.
A Gaussian mode variation of the on -axis electric field amplitude and phase is taken into account but is not explicitly shown in Table 2 .
The cw gain vs optical wavelength for this laser system, ignoring finite pulse effects, is shown in Figure 2 . Note that these curves are for an idealized monoenergetic electron beam.
The small signal gain is in Figure 2a and the large signal gain is in Figure 2b . Note that the wavelength of peak gain shifts with increasing light intensity: this leads
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3 r. Figure 2 are calculated by neglecting all short pulse effects, they should be a good guide to the actual short pulse behavior because, for the system specified by the parameter values of Table 1 , the electron pulse length is much longer thai? the slippage distance. The slippage distance s, Eq. (12) in Table 2 , is the distance that electrons slip behind a light wavefront during one transit of the wiggler because the axial velocity of the electrons is less than the velocity of light. The system studied here has an electron pulse that is 23.7 s long, as contrasted with the Stanford FEL in which the electron pulse is 1,1.7 s.6 '7 In the latter case, one would not expect cw gain curves to accurately represent the short pulse behavior because a point on the envelope of the electric field would slip approximately one -half the entire electron pulse and thus would be driven by a wide range of different electron densities during one transit through the wiggler.
The gain curves of Figure 2 were calculated assuming coherent light interacting with the electrons in the wiggler.
In fact, the initial light in the resonator is incoherent spontaneous emission.
We have modeled the development of coherence by starting with thermal light that is described by a Gaussian probability distribution for the real and imaginary components of the electric field :8
Note that <ER> _ <EI> = 0 but <ER + EI> = Eó, where the average light intensity is given by <I> = cEg /87; <I> has been chosen to be about that expected for the spontaneous emission intensity for our FEL parameters. 9 Having chosen a particular realization of such an incoherent pulse, the light is propagated through the resonator many times without adding a new incoherent component on each pass as would occur in the actual spontaneous emission process.
The results of such a calculation are shown in Figure 3 : the initial and final (after 100 passes) intensity profiles are in Figures 3a and 3b; the initial and final spectra are in Figures 3c and 3d (note that the initial spectrum is white noise and does not have the precise form expected of our tapered wiggler); the energy gain vs pass number is in Figure 3e .
After 100 passes, the pulse clearly has developed substantial coherence and is growing at a rate consistent with the small signal gain (minus the cavity loss) of Although this calculation is hardly a precise modeling of the start up of an FEL oscillator from noise, it does indicate that the system specified by Table 1 might start by itself (without injecting an optical pulse generated by another laser source), and it suggests that one needs to add 100 passes to the results to be given in the next section to account for such a build -up. We note here that the calculated amplitude of the pulse after 100 passes, of course, depends upon the cavity loss assumed but also has substantial (factor of 3) fluctuations for different realizations of the initial incoherent light. to chirping of the optical pulse, which is discussed below. If the maximum gain (at whatever wavelength it occurs) vs intensity is plotted, the curve of Figure 2c is obtained; from this curve, one would estimate that, if the resonator losses are 2% per pass as in Table 1 , this FEL should saturate at an intensity of ^2 x 10 10 W/cm 2 . Although the curves of Figure 2 are calculated by neglecting all short pulse effects, they should be a good guide to the actual short pulse behavior because, for the system specified by the parameter values of Table 1 , the electron pulse length is much longer thaft the slippage distance. The slippage distance s, Eq. (12) in Table 2 , is the distance that electrons slip behind a light wavefront during one transit of the wiggler because the axial velocity of the electrons is less than the velocity of light. The system studied here has an electron pulse that is 23.7 s long, as contrasted with the Stanford FEL in which the electron pulse is VI.7 s. 6 ' 7 In the latter case, one would not expect cw gain curves to accurately represent the short pulse behavior because a point on the envelope of the electric field would slip approximately one-half the entire electron pulse and thus would be driven by a wide range of different electron densities during one transit through the wiggler.
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Although this calculation is hardly a precise modeling of the start up of an FEL oscillator from noise, it does indicate that the system specified by Table 1 might start by itself (without injecting an optical pulse generated by another laser source), and it suggests that one needs to add 100 passes to the results to be given in the next section to account for such a build-up. We note here that the calculated amplitude of the pulse after 100 passes, of course, depends upon the cavity loss assumed but also has substantial (factor of 3) fluctuations for different realizations of the initial incoherent light. Transient pulse evolution to quasi steady state
The basic theoretical characteristics of pulse evolution in tapered and untapered wiggler FEL oscillators have been explored in several publications.3-,10 -14
Here we present results for the system specified in Table 1 , which differ from other work primarily in the ratio (23.7) of the length of the electron pulse to the slippage distance s.
The growth of the the optical pulse energy, and the value of the quasi steady -state energy reached, depend very sensitively upon the deviation of the optical resonator's length from that at exact synchronism: if electron pulses from the linac are injected into the cavity every T seconds, then the cavity length, Lo, must be adjusted so that the round -trip time of light, 2 Lo /c, equals T.
If this synchronism condition is not met, the light pulse will not overlap the electron pulses (gain media) in the wiggler and thus will decay to zero at a rate determined by the cavity losses. However, the optical pulse shape is distorted by the gain process (laser lethargy) so that the effective pulse velocity is less than c; hence the cavity must be shortened slightly to maintain the overlap on successive passes. Figure 4 shows the growth of the optical pulse energy vs pass number for several resonator lengths different from those at exact synchronism. Figure 5 shows the optical pulse energy after 1900 passes.
This curve is not necessarily what one would find after 104 passes; it is representative of a linac that has a finite macropulse length. In particular, the points at positive values of cavity length change represent pulses that still have finite energy but are decaying away rapidly.
One expects this FEL to have an appreciable output only if the resonator length is fixed within range of 25 pm of that at exact synchronism. Transient pulse evolution to quasi steady state
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In particular, the points at positive values of cavity length change represent pulses that still have finite energy but are decaying away rapidly. One expects this FEL to have an appreciable output only if the resonator length is fixed within range of 25 ym of that at exact synchronism. Figure 6f corresponds to a 2.5% energy-extraction efficiency from the electron beam and exhibits the double -peaked spectrum characteristic of a tapered wiggler.
As is evident from Figure 2 , the location of maximum single -pass gain shifts to longer wavelengths with increasing light intensity.
Hence, the optical pulse also changes its spectrum (chirps) as the light intensity builds up.
The principle mechanism for chirping appears to be the generation of sidebands due to the electrons' synchrotron motion. This in turn implies that the shift in the optical spectrum to longer wavelengths is not continuous with increasing light intensity, but rather occurs in discontinuous steps. Figure 7 illustrates such a step for the -0.5-pm-cavity-length detuning case.
The evolution of the spectrum after 925 passes to the final shape --which is shown in Figure 6d --is more complicated and less clearly a stepwise process.
The generation of sidebands at high light intensity occurs because the electrons execute synchrotron oscillations,15 characterized by a period Lsy, in the ponderomotive potential wells.
Lsy depends on the light intensity and is given by + 0.5 a Lsy = w 2Gawas 1/2 w (14) This means that the periodicity of the electrons' orbits is given not by the wiggler wave vector Kw but by Kw ± Ksy, where Ksy = 27r /Lsy. Hence, one might expect that this motion would couple to a shifted optical wavelength as, through a modified resonance condition: Figure 6f corresponds to a 2.5% energy-extraction efficiency from the electron beam and exhibits the double-peaked spectrum characteristic of a tapered wiggler.
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This means that the periodicity of the electrons 1 orbits is given not by the wiggler wave vector Kw but by K w ± K sv , where K sv = 2ir/L S y. Hence, one might expect that this motion would couple to a shifted optical wavelength X s i through a modified resonance condition: K ± K w sy (15) or ,' * X s( l * VLsy) 
pulse characteristics: (a) intensity profile for -IS-ym detuning; (b) intensity profile for -0.5-ym detuning; (c) optical spectrum for -18-ym detuning; (d) optical spectrum for -0.5-ym detuning; (e) electron spectrum for -18-ym detuning; (f) electron spectrum for -0.5-ym detuning. The presence of a new wavelength as, in the optical spectrum is accompanied by a modulation of the electric -field envelope at a wavelength X:
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Because Lsy is a continuous function of the light intensity, provided that the intensity is above the threshold for the definition of the closed -orbit phase -space region ( "bucket "), one might expect a continous generation15 of sidebands.
In calculations with a finite pulse,5,1° -14 it is found that the envelope of the optical field becomes strongly modulated with = s, the slippage distance.
Recall that s is the distance over which electrons communicate with each other through the electromagnetic field in one pass through the wiggler.
From Eq. (18) this implies that the modulation occurs at an intensity for which Lsy _ Lw, the wiggler length. The shift of the sideband in Figure 7 is %2.57% from the initial wavelength of 10.35 um; this is consistent with the synchrotron period equaling the wiggler length so that aw(1 /2) /Lsy = X (1 /2) /Lw = (38.9)-1.
Operation with an optical filter
The growth of sidebands, and the accompanying modulation of the optical pulse, may not be a desirable effect.
Besides broadening the optical spectrum, electron detrapping may occur,ls thus reducing the extraction efficiency from the electron beam.
One way's,l3 to avoid the effect is to introduce an optical filter into the resonator that attenuates light at the expected sideband wavelength while allowing light at the initial wavelength (peak of the small signal gain) to pass through unattenuated.
From Figures 7 and 6d , the optical spectrum in our FEL shifts from 10.35 11m to 1,10.9 um.
We have repeated the calculation of the evolution of the pulse with a -0.5-pm cavity detuning, including an idealized intracavity high -pass optical filter that the light transits on each pass. The filter transmits, unattenuated, all spectral components with a wavelength less than 10.5 um and totally deletes all components with a longer wavelength.
We neglect any wavelength-dependent phase shift that might accompany such an attenuation pattern.
The results of the calculation are shown in Figure 8 .
The optical pulse intensity profile and spectrum, after 800 passes, are shown in Figures 8a and 8b . Note that this single -sided filter does not prevent significant upper sidebands from growing. Figures 8c  and 8d show the quasi steady -state pulse shape and spectrum after 1600 passes. Although there is short -wavelength structure in the spectrum, its amplitude is only 1% or less of the peak.
The spectrum is very narrow, apparently largely due to a very linear phase function for the electric field. The accompanying electron spectrum is shown in Figure 8e ; the extraction efficiency is 1,2.3 %, slightly less than the unfiltered pulse of Figure 6 .
Hence, it appears that optical filters within the resonator may have substantial beneficial effects, although perhaps not as striking as in this case of a very idealized filter.
Conclusions
A tapered wiggler FEL oscillator has been studied within the limitations of a 1 -D theoretical model with a realistic set of magnet, electron beam, and optical resonator values. The cw gain curves were calculated at low and high light intensity.
A low-amplitude incoherent pulse was shown to develop coherence in 100 passes and subsequently to grow at the expected small signal gain rate.
The growth of a coherent pulse from low amplitude to saturation was calculated for various cavity length detunings. High intensity pulses were observed to reach a quasi steady -state within 2000 passes through the resonator.
The width of the corresponding desynchronism curve was %25 pm. A maximum energy-extraction efficiency from the electron beam of 2.8% was observed.
The process by which the light adjusted its frequency to follow the change of the gain maximum with increasing light intensity was observed to occur approximately by discrete steps involving the generation of sidebands with frequency steps related to the electron synchrotron frequency.
An ideal high -pass optical filter placed in the resonator yielded a very narrow pulse spectrum with little loss in extraction efficiency. 8 The presence of a new wavelength X s i in the optical spectrum is accompanied by a modulation of the electric-field envelope at a wavelength X:
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